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1 - Introduction



Topological Data Analysis and Topological Inference

• Geometric inference and algebraic topology tools, computational
topology has recently witnessed important developments with regards to
data analysis, giving birth to the field of topological data analysis (TDA).

• The aim of TDA is to infer relevant, qualitative and quantitative topolog-
ical structures (clusters, holes ...) directly from the data.

• The two popular methods in TDA : Mapper algorithm [Singh et al., 2007]
and persistent homology [Edelsbrunner et al., 2002].

• TDA methods relies on Topological
Inference methods / results.

• Topological inference methods aim to
infer topological properties of an unknown
topological space X, typically from a point
cloud Xn “close” to X.



Why is topology interesting for data analysis?

• Coordinate invariance: topological features/invariants do not rely on any
coordinate system. ⇒ no need to have data with coordinate or to embed
data in spaces with coordinates... But the metric (distance/similarity between
data points) is important.

• Deformation invariance: topological features are invariant under homeomor-
phism.

• Compressed representation: Topology offer a set of tools to summarize and
represent the data in compact ways while preserving its global topological
structure.

• Informative: can improve inference and prediction in ML problems



[distribution of galaxies]

[3D shape database]

[Magnetometer Data]

Application fields of TDA methods

[nano materials]



• For exploratory analysis, visualization

Topological Data Analysis (TDA)



• For exploratory analysis, visualization

• For feature extraction and statistical learning

• Topological descriptors

• Geometric descriptors

• Other signatures

raw data • supervised methods

• unsupervised methods

Topological Data Analysis (TDA)



• For exploratory analysis, visualization

• For feature extraction and statistical learning

Topological Data Analysis (TDA)

• For model decision (topology is used as a measure of complexity)

[Chen etal. - AISTAT 2019 ]



GUDHI library : Github and tutorials

GUDHI :

• a C++/Python open source software library for TDA,

• a developers team, an editorial board, open to external contributions,

• provides state-of-the-art TDA data structures and algorithms : design
of filtrations, computation of pre-defined filtrations, persistence dia-
grams,...

• part of GUDHI is interfaced to R through the TDA package.

http://gudhi.gforge.inria.fr/



2 - A brief look at topology



A brief look at topology

Roughly speaking, the goal of topology is to classify spaces and more specifically
topological spaces.

A topology on a space specifies how the points of this space are “connected”
by listing out what points constitute a neighborhood, the so-called an open set.



A brief look at topology

Roughly speaking, the goal of topology is to classify spaces and more specifically
topological spaces.

A topology on a space specifies how the points of this space are “connected”
by listing out what points constitute a neighborhood, the so-called an open set.

Def: A topological space is a set X equipped with a topology, i.e., a family
O of subsets of X, called the open sets of X, such that:
(i) the empty set ∅ and X are elements of O,
(ii) any union of elements of O is an element of O,
(iii) any finite intersection of elements of O is an element of O.

Examples ...



A brief look at topology

Def: A metric (or distance) on X is a map d : X ×X → [0,+∞) such that:
(i) for any x, y ∈ X, d(x, y) = d(y, x),
(ii) for any x, y ∈ X, d(x, y) = 0 if and only if x = y,
(iii) for any x, y, z ∈ X, d(x, z) ≤ d(x, y) + d(y, z).
The set X together with d is a metric space.

The smallest topology containing all the open balls B(x, r) = {y ∈ X : d(x, y) < r}
is called the metric topology on X induced by d.

A very common family of topological spaces is comprised of the metric spaces.

Ex: the standard topology in an Euclidean space is the one induced by the
metric defined by the norm: d(x, y) = ‖x− y‖.



A brief look at topology

Def: a map f : X → Y is continuous if and only if the pre-image f−1(OY ) =
{x ∈ X : f(x) ∈ OY } of any open set OY ⊆ Y is an open set of X.

• Equivalence of two topological spaces is determined by how the points
that comprise them are connected.
Ex : the surface of a cube can be deformed into a sphere without cutting
or gluing it because they are connected the same way (they have the same
topology.

• This notion of topological equivalence can be formalized via functions
between topological spaces: the preservation of connectivity is achieved
by preserving the open sets.

• A function from one space to another that preserves the open sets is called
a continuous function.

• Continuity is a vehicle to define topological equivalence, because a contin-
uous function can send many points to a single point in the target space,
or send no points to a given point in the target space



A brief look at topology

• Two topological spaces are homeomorphic if there exists a homeomor-
phism between them.

• Homeomorphism induces an equivalence relation among topological
spaces (topologically equivalent).

Def: Let X and Y be topological spaces. An homeomorphism is a bijective
and continuous function f : X → Y whose inverse is continuous too.



A brief look at topology

• Two topological spaces are homeomorphic if there exists a homeomor-
phism between them.

• Homeomorphism induces an equivalence relation among topological
spaces (topologically equivalent).

Def: Let X and Y be topological spaces. An homeomorphism is a bijective
and continuous function f : X → Y whose inverse is continuous too.

Computational Topology for Data Analysis,
Tamal Krishna Dey and Yusu Wang, to be Pub-
lished by Cambridge University Press, 2021

Each point set in this figure is homeomorphic to the point set above or below it, but
not to any of the others.
Open circles indicate points missing from the point set, as do the dashed edges in the
point sets second from the right.



A brief look at topology

Two subspaces are said to be isotopic if one can be continuously deformed to
the other while keeping the deforming subspace homeomorphic to its original
form all the time.

Def: X and Y are isotopic if ∃ a continuous map (isotopy) F : X×[0, 1]→ Y
s.t. F (., 0) = idX , F (X, 1) = Y and ∀t ∈ [0, 1], F (., t) is an homeomorphism.



A brief look at topology

Two subspaces are said to be isotopic if one can be continuously deformed to
the other while keeping the deforming subspace homeomorphic to its original
form all the time.

Def: X and Y are isotopic if ∃ a continuous map (isotopy) F : X×[0, 1]→ Y
s.t. F (., 0) = idX , F (X, 1) = Y and ∀t ∈ [0, 1], F (., t) is an homeomorphism.

• Turus and knotted torus: the two tori are homeomorphic but not isotopic

• Any attempt to continuously deform one to the other while keeping it homeo-
morphic to the original would force the torus to be “self-intersecting”

Computational Topology for Data Analysis,
Tamal Krishna Dey and Yusu Wang, to be Pub-
lished by Cambridge University Press, 2021



A brief look at topology

• Homotopy equivalence is a weaker notion of similarity among topological
spaces than homeomorphism.

• It relates spaces that can be continuously deformed to one another but
the transformation may not preserve homeomorphism.
Ex.: a ball can shrink to a point, which is not homeomorphic to it (no
bijection)

Def: • Two maps f0 : X → Y and f1 : X → Y are homotopic if ∃ a
continuous map F : [0, 1] × X → Y s.t. ∀x ∈ X, F (0, x) = f0(x) and
F1(1, x) = f1(x).
• X and Y are homotopy equivalent if ∃ continuous maps f : X → Y and
g : Y → X s.t. g ◦ f is homotopic to idX and f ◦ g is homotopic to idY .

Examples



A brief look at topology

Def: If Y ⊆ X and if there exists a continuous map F : [0, 1]×X → X s.t.:
(i) ∀x ∈ X, F (0, x) = x
(ii) ∀x ∈ X, F (1, x) ∈ Y
(iii) ∀y ∈ Y , ∀t ∈ [0, 1], F (t, y) = y
then F is a deformation retract of X onto Y and in particular X and Y are homotopy
equivalent.

Ex : any point on a line segment is a deformation retract of the line segment
and is homotopy equivalent to it.



A brief look at topology

Def: If Y ⊆ X and if there exists a continuous map F : [0, 1]×X → X s.t.:
(i) ∀x ∈ X, F (0, x) = x
(ii) ∀x ∈ X, F (1, x) ∈ Y
(iii) ∀y ∈ Y , ∀t ∈ [0, 1], F (t, y) = y
then F is a deformation retract of X onto Y and in particular X and Y are homotopy
equivalent.

Ex : any point on a line segment is a deformation retract of the line segment
and is homotopy equivalent to it.

All three of the topological spaces are homotopy equivalent, because they are all
deformation retracts of the left most space.

Computational Topology for Data Analysis, 2021



A brief look at topology

Pb 1: How to encode topological spaces for computational purposes?



A brief look at topology

Pb 2: Looking for homotopy equivalences/homeomorphisms/isotopies is ex-
tremely difficult. Are there mathematical quantities that are invariant to ho-
motopy equivalences and easy to compute?

Pb 1: How to encode topological spaces for computational purposes?

Can you think of some-
thing? Obviously not pair-
wise distances or curvature



3 - Simplicial Complexes and
Homology



A topological space fit for computation

Pb 1: How to encode topological spaces for
computational purposes?



Offsets
Point clouds in themselves do not carry any non trivial topological or geometric
structure.

For a point cloud Xn in Rd (or in a metric space),
the α-offset of Xn is defined by

Xαn =
⋃
x∈Xn

B(x, α).

More generally, for any compact set X,

Xα :=
⋃
x∈X

B(x, α) = d−1
X ([0, α])

where the distance function dX to X is

dX(y) = inf
x∈X
‖x− y‖ (in Rd)

General idea: deduce from (Xαn)r>0 some topological and geometric information
of an underlying object.



Simplicial Complexes

Non-discrete sets such as offsets, and also continuous mathematical shapes like
curves, surfaces cannot easily be encoded as finite discrete structures.

We consider spaces made of small convex bricks, namely the simplicial
complexes made of simplices.



Simplicial complexes

Given a set P = {p0, . . . , pk} ⊂ Rd of k + 1 affinely independent points, the k-
dimensional simplex σ, or k-simplex for short, spanned by P is the set of convex
combinations

k∑
i=0

λi pi, with

k∑
i=0

λi = 1 and λi ≥ 0.

The points p0, . . . , pk are called the vertices of σ.

0-simplex:
vertex

1-simplex:
edge

2-simplex:
triangle

3-simplex:
tetrahedron

etc...



Simplicial complexes

A (finite) simplicial complex K in Rd is a (finite) collection of simplices such that:

1. any face of a simplex of K is a simplex of K,

2. the intersection of any two simplices of K is either empty or a common face
of both.

The underlying space of K, denoted by |K| ⊂ Rd is the union of the simplices of K.



Abstract simplicial complexes

• Given a set V , an abstract simplicial complex with vertex set
V is a set K̃ of finite subsets of V such that

– the elements of V belongs to K̃ and

– for any σ ∈ K̃ any subset of σ belongs to K̃.

• The elements of K̃ are called the faces or the simplices of K̃.



Abstract simplicial complexes

• Given a set V , an abstract simplicial complex with vertex set
V is a set K̃ of finite subsets of V such that

– the elements of V belongs to K̃ and

– for any σ ∈ K̃ any subset of σ belongs to K̃.

• The elements of K̃ are called the faces or the simplices of K̃.

• The combinatorial description of any geometric simplicial K obviously gives
rise to an abstract simplicial complex K̃.

• Conversely, one can always associate to an abstract simplicial complex K̃,
a topological space |K̃| such that if K is a geometric complex whose com-
binatorial description is the same as K̃, then the underlying space of K is
homeomorphic to |K̃|. Such a K is called a geometric realization of K̃.



Abstract simplicial complexes

• Given a set V , an abstract simplicial complex with vertex set
V is a set K̃ of finite subsets of V such that

– the elements of V belongs to K̃ and

– for any σ ∈ K̃ any subset of σ belongs to K̃.

• The elements of K̃ are called the faces or the simplices of K̃.

IMPORTANT

Simplicial complexes can be seen at the same time as geometric/topological spaces
(good for top./geom. inference) and as combinatorial objects (abstract simplicial
complexes, good for computations).



An invariant fit for computation

Pb 2: Looking for homotopy equivalences/homeomorphisms/isotopies is
extremely difficult. Are there mathematical quantities that are invariant to

homotopy equivalences and easy to compute?

A: The holes, encoded in the homology groups Hk, k ∈ N



Simplicial Homology

How to characterize a hole in a simplicial complex?

A hole (in 1D) is a path whose first and end points are the same, a loop.



Simplicial Homology

How to characterize a hole in a simplicial complex?

A hole (in 1D) is a path whose first and end points are the same, a loop.

v0 v1

v2
v3

v4

v5

The sequence of 1-dimensional simplices [v0, v1],
[v1, v2], [v2, v3], [v3, v4], [v4, v5], [v5, v0] is a hole



Simplicial Homology

How to characterize a hole in a simplicial complex?

A hole (in 1D) is a path whose first and end points are the same, a loop.

v0 v1

v2
v3

v4

v5

The sequence of 1-dimensional simplices [v0, v1],
[v1, v2], [v2, v3], [v3, v4], [v4, v5], [v5, v0] is a hole

But what about higher dimensional holes (like the
inside of a tetrahedron)?



Simplicial Homology

How to characterize a hole in a simplicial complex?

A hole (in 1D) is a path whose first and end points are the same, a loop.

v0 v1

v2
v3

v4

v5

The sequence of 1-dimensional simplices [v0, v1],
[v1, v2], [v2, v3], [v3, v4], [v4, v5], [v5, v0] is a hole

But what about higher dimensional holes (like the
inside of a tetrahedron)?

A hole in dimension d is a simplicial complex in which each (d − 1)-simplex
appears an even number of times.

No natural ordering for the
tetrahedron faces



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

• Geometrically a k-chain can be seen as a finite collection of k-
simplices,

• The sum of two k-chains as the symmetric difference of the two
corresponding collection (coefficient in Z2)

Symmetric difference of two sets A and B is the set A∆B = (A \ B) ∪
(B \A).



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.

∂k[v1, . . . , vk+1] =
∑k+1
i=1 [v1, . . . , vi−1, vi+1, . . . , vk+1]



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.

∂1C = ∂1[v0, v1] + ∂1[v1, v2] + ∂1[v2, v3] + ∂1[v3, v4] + ∂1[v4, v5] + ∂1[v5, v0]

∂k[v1, . . . , vk+1] =
∑k+1
i=1 [v1, . . . , vi−1, vi+1, . . . , vk+1]



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.

∂1C = ∂1[v0, v1] + ∂1[v1, v2] + ∂1[v2, v3] + ∂1[v3, v4] + ∂1[v4, v5] + ∂1[v5, v0]

∂k[v1, . . . , vk+1] =
∑k+1
i=1 [v1, . . . , vi−1, vi+1, . . . , vk+1]

= [v0] + [v1] + [v1] + [v2] + [v2] + [v3] + [v3] + [v4] + [v4] + [v5] + [v5] + [v0]



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.

∂1C = ∂1[v0, v1] + ∂1[v1, v2] + ∂1[v2, v3] + ∂1[v3, v4] + ∂1[v4, v5] + ∂1[v5, v0]

∂k[v1, . . . , vk+1] =
∑k+1
i=1 [v1, . . . , vi−1, vi+1, . . . , vk+1]

= [v0] + [v1] + [v1] + [v2] + [v2] + [v3] + [v3] + [v4] + [v4] + [v5] + [v5] + [v0]

= [v0] + [v0] = 0.

Def: The kernel Zk(K) = {c ∈ Ck(K) : ∂k = 0} of
∂k is called the space of k-cycles of K and the image
Bk(K) = {c ∈ Ck(K) : ∃c′ ∈ Ck+1(K), ∂k+1(c′) = c}
of ∂k+1 is called the space of k-boundaries of K.



Simplicial Homology

Def: Let K be a simplicial complex. The space of k-chains on K, Ck(K) is
the set whose elements are the formal (finite) sums of k-simplices of K.

Example : C = [v0, v1] + [v1, v2] + [v2, v3] + [v3, v4] + [v4, v5] + [v5, v0].

Def: The boundary of a k-simplex is the chain made of its (k− 1)-simplices.

∂1C = ∂1[v0, v1] + ∂1[v1, v2] + ∂1[v2, v3] + ∂1[v3, v4] + ∂1[v4, v5] + ∂1[v5, v0]

∂k[v1, . . . , vk+1] =
∑k+1
i=1 [v1, . . . , vi−1, vi+1, . . . , vk+1]

= [v0] + [v1] + [v1] + [v2] + [v2] + [v3] + [v3] + [v4] + [v4] + [v5] + [v5] + [v0]

= [v0] + [v0] = 0.

Def: The kernel Zk(K) = {c ∈ Ck(K) : ∂k = 0} of
∂k is called the space of k-cycles of K and the image
Bk(K) = {c ∈ Ck(K) : ∃c′ ∈ Ck+1(K), ∂k+1(c′) = c}
of ∂k+1 is called the space of k-boundaries of K.

Two cycles



Simplicial Homology

Lemma: Any k-boundary is a k-cycle: ∂k ◦ ∂k+1 = 0.



Simplicial Homology

Lemma: Any k-boundary is a k-cycle: ∂k ◦ ∂k+1 = 0.

Def: Two cycles are the same (homologous) if ’their difference is in im(∂)’
(boundary): C ∼ C ′ ⇐⇒ C + C ′ ∈ im(∂)



Simplicial Homology

Lemma: Any k-boundary is a k-cycle: ∂k ◦ ∂k+1 = 0.

Def: Two cycles are the same (homologous) if ’their difference is in im(∂)’
(boundary):

= +

C ∼ C ′ ⇐⇒ C + C ′ ∈ im(∂)



Simplicial Homology

Lemma: Any k-boundary is a k-cycle: ∂k ◦ ∂k+1 = 0.

Def: Two cycles are the same (homologous) if ’their difference is in im(∂)’
(boundary):

= +

= ∂( )

C ∼ C ′ ⇐⇒ C + C ′ ∈ im(∂)



Simplicial Homology

Lemma: Any k-boundary is a k-cycle: ∂k ◦ ∂k+1 = 0.

Def: Two cycles are the same (homologous) if ’their difference is in im(∂)’
(boundary):

= +

= ∂( )
Hk = Zk/Bk

group of
k-cycles

im(∂k+1)group of ’cycles mi-
nus boundaries’

C ∼ C ′ ⇐⇒ C + C ′ ∈ im(∂)



Simplicial Homology

Non homologous 1-cycles

A 1-boundary

Not a cycle



Simplicial Homology

Hk is a group (vector space) in which each element is an equivalence class of
cycles associated to the same hole.

Def: The dimension of Hk is called the Betti number βk.



Simplicial Homology

Hk is a group (vector space) in which each element is an equivalence class of
cycles associated to the same hole.

Def: The dimension of Hk is called the Betti number βk.

Q: What are the Betti numbers of:

sphere: β0 = 1, β1 = 0, β2 = 1,
torus: β0 = 1, β1 = 2, β2 = 1
cube: β = 1, β1 = 5, β2 = 0



Simplicial Homology

Hk is a group (vector space) in which each element is an equivalence class of
cycles associated to the same hole.

Def: The dimension of Hk is called the Betti number βk.

Q: What are the Betti numbers of:

• Homology groups and Betti numbers quantify topological features in a space.

• It does not capture all topological aspects of a space but

Hk(X) 6∼ Hk(Y ) =⇒ X 6∼ Y

• Homology groups are computationally tractable

sphere: β0 = 1, β1 = 0, β2 = 1,
torus: β0 = 1, β1 = 2, β2 = 1
cube: β = 1, β1 = 5, β2 = 0



Simplicial Homology

By understanding how the topology of the ‘filtration’ of a simplicial complex
(see further) evolves each time we add a simplex, we can propose a simple
algorithm for Betti numbers computation:



Topological invariance and singular homology

Theorem: If K and K ′ are two simplicial complexes with homeomorphic
supports then their homology groups are isomorphic and their Betti num-
bers are equal.

• This is a classical result in algebraic topology but the proof is not
obvious.

• Rely on the notion of singular homology→ defined for any topological
space.

β0 = 1, β1 = 2, β2 = 0



Topological invariance and singular homology

σ

X

Let ∆k be the standard simplex in Rk. A singular k-simplex in a topological
space X is a continuous map σ : ∆k → X.

The same construction as for simplicial homology can be done with singular
complexes → Singular homology

Important properties:

• Singular homology is defined for any topological space X.

• If X is homotopy equivalent to the support of a simplicial complex, then
the singular and simplicial homology coincide



4 - Homology inference



Topological exploratory data analysis

Goal: build simplicial complexes that have the same topology (homology
groups, homotopy equivalence, homeomorphism, isotopy) than the data sets.
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Goal: build simplicial complexes that have the same topology (homology
groups, homotopy equivalence, homeomorphism, isotopy) than the data sets.
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• Define ’covers’ from the data (for instance by grouping data points in
’local clusters’.

• Summarize the data through the combinatorial/topological structure of
intersection patterns of these ’covers’.
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Topological exploratory data analysis

Goal: build simplicial complexes that have the same topology (homology
groups, homotopy equivalence, homeomorphism, isotopy) than the data sets.

Idea:

• Define ’covers’ from the data (for instance by grouping data points in
’local clusters’.

• Summarize the data through the combinatorial/topological structure of
intersection patterns of these ’covers’.



Topological exploratory data analysis

Def: An open cover of a topological space X is a collection U = (Ui)i∈I of
open subsets Ui ⊆ X, i ∈ I where I is a set, such that X ⊆ ∪i∈IUi.

X

U1

U2

U3 U4

U5



Topological exploratory data analysis

Def: An open cover of a topological space X is a collection U = (Ui)i∈I of
open subsets Ui ⊆ X, i ∈ I where I is a set, such that X ⊆ ∪i∈IUi.

Def: Given a cover of a topological space X, U = (Ui)i∈I , its nerve is the
abstract simplicial complex C(U) whose vertex set is U and s.t.

σ = [Ui0 , Ui1 , . . . , Uik ] ∈ C(U) if and only if ∩kj=0 Uij 6= ∅.

X

U1

U2

U3 U4

U5

U1
U2

U5

U3
U4



Topological exploratory data analysis

X

U1

U2

U3 U4

U5

U1
U2

U5

U3
U4

The Nerve Theorem: Let U = (Ui)i∈I be a finite open cover of a subset X
of Rd such that any intersection of the Ui’s is either empty or contractible.
Then X and C(U) are homotopy equivalent. In particular, their homology
groups are isomorphic.

Simpler version of the Nerve Theorem: replace contractible by convex (balls
for instance).



Topological exploratory data analysis

2. Covering data by balls:
→ distance functions frameworks, persistence-
based signatures,...
→ geometric inference, provide a framework to
establish various theoretical results in TDA.

Two directions:

1. Using a function (lens) defined on
the data:
→ the Mapper algorithm
→ exploratory data analysis

Q: How to build meaningful covers?

X

f

R

I



Topological exploratory data analysis

2. Covering data by balls:
→ distance functions frameworks, persistence-
based signatures,...
→ geometric inference, provide a framework to
establish various theoretical results in TDA.

Two directions:

1. Using a function (lens) defined on
the data:
→ the Mapper algorithm
→ exploratory data analysis

Q: How to build meaningful covers?

X

f

R

I
(see further)



Union of balls and distance functions

Data set : a point cloud P embedded in Rd, sampled around a compact set M .

General idea:

1. Cover the data with union of balls of fixed radius
centered on the data points.

2. Infer topological information about M from (the
nerve of) the union of balls centered on P .
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1. Cover the data with union of balls of fixed radius
centered on the data points.

2. Infer topological information about M from (the
nerve of) the union of balls centered on P .

Nerve theorem



Union of balls and distance functions

Data set : a point cloud P embedded in Rd, sampled around a compact set M .

General idea:

1. Cover the data with union of balls of fixed radius
centered on the data points.

2. Infer topological information about M from (the
nerve of) the union of balls centered on P .

Sublevel set of the distance function dP : Rd → R+ is defined by

dP (x) = inf
p∈P
‖x− p‖

Compare the topology of the offsets

Mr = d−1
M ([0, r]) and P r = d−1

P ([0, r])



Union of balls and distance functions

Data set : a point cloud P embedded in Rd, sampled around a compact set M .

General idea:

1. Cover the data with union of balls of fixed radius
centered on the data points.

2. Infer topological information about M from (the
nerve of) the union of balls centered on P .

Sublevel set of the distance function dP : Rd → R+ is defined by

dP (x) = inf
p∈P
‖x− p‖

Compare the topology of the offsets

Mr = d−1
M ([0, r]) and P r = d−1

P ([0, r])

Regularity conditions?

Sampling conditions?



The Hausdorff distance

The distance function to a compact M ⊂ Rd, dM : Rd → R+ is defined by:

dM (x) = inf
p∈M
‖x− p‖

The Hausdorff distance between two compact sets M,M ′ ⊂ Rd is:

dH(M,M ′) = sup
x∈Rd

|dM (x)− dM ′(x)|

dH(M,M ′)

M

M ′

The Hausdorff distance between two compact sets M,M ′ ⊂ Rd is:

dH(M,M ′) = sup
x∈Rd

|dM (x)− dM ′(x)|



Medial axis

M
x

ΓM (x)
ΓM (x) = {y ∈M : dM (x) = ‖x− y‖}

Def: The medial axis of M :

M(M) = {x ∈ Rd : |ΓM (x)| ≥ 2}



Reach

M

M(M)

rch(M)

Def: The reach of M , rch(M) is the smallest distance from M(M) to M :

rch(M) = inf
y∈M(M)

dM (y)



Reach

M

M(M)

rch(M)

Def: The reach of M , rch(M) is the smallest distance from M(M) to M :

rch(M) = inf
y∈M(M)

dM (y)

• The projection on M is well defined outside M(M)

• rch(M) = largest ρ > 0 s.t. the projection is well defined on
the off-set Mρ.

• The reach controls both the local curvature and the auto-
intersection.



Geometric inference

Homology inference [Niyogi et al., 2008 and 2011, Balakrishnan et al., 2012]:
The Betti number (actually the homotopy type) of Riemannian manifolds with
positive reach can be recovered with high probability from offsets of a sample
on (or close to) the manifold.



5 - Persistent homology



Persistent homology

• A general mathematical framework to encode the evolution of the topology
(homology) of families of nested spaces (filtered complex, sublevel sets,...).

• Formalized by H. Edelsbrunner (2002) et al and G. Carlsson et al (2005) - wide
development during the last decade. Ideas tracing back to M. Morse (1940)!

• Multiscale topological information.

• Barcodes/persistence diagrams can be efficiently computed (e.g. Gudhi library!).

• Stability properties

persistence
X

R
X topological space

f : X → R

Filtrations

∞

⊆ ⊆ Persistence diagram
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2X
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• Nested family (filtration) of sublevel-sets f−1((−∞, α]) for α = −∞ to +∞.

• Track evolution of topology throughout the family.

α

Persistent homology for functions
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2X

R

• Nested family (filtration) of sublevel-sets f−1((−∞, α]) for α = −∞ to +∞.

• Track evolution of topology throughout the family.

• Finite set of intervals (barcode) encodes births/deaths of topological features.

Persistent homology for functions



2

α

β

X

R

α

β

∞

• Nested family (filtration) of sublevel-sets f−1((−∞, α]) for α = −∞ to +∞.

• Track evolution of topology throughout the family.

• Finite set of intervals (barcode) encodes births/deaths of topological features.

Persistent homology for functions
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barcode for holes (1-d homology)
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Persistent homology for functions

z

M

a1
σ1

a2σ2

a3

a4
σ3

Tracking and encoding the evolution of the 0-dimensional homology, 1-dimensional
homology and 2-dimensional homology of the sublevel sets.

∞



The bottleneck distance between two diagrams Dgm1 and Dgm2 is

d∞(Dgm1,Dgm2) = inf
γ∈Γ

sup
p∈Dgm1

‖p− γ(p)‖∞

where Γ is the set of all the bijections between Dgm1 and Dgm2 and ‖p−q‖∞ =
max(|xp − xq|, |yp − yq|).

Comparing persistence diagrams

birth

death

∞

0

Multiplicity: 2

Add the diagonal

Dgm1

Dgm2

→ Persistence diagrams provide easy to compare topological signatures.
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∞

What if f is slightly perturbed?

Stability properties



3X

R

∞

What if f is slightly perturbed?

Theorem (Stability):
For any tame functions f, g : X→ R, d∞

∞(Dgmf,Dgmg) ≤ ‖f − g‖∞.

Stability properties

[Cohen-Steiner, Edelsbrunner, Harer 05], [C., Cohen-Steiner, Glisse, Guibas, Oudot - SoCG
09], [C., de Silva, Glisse, Oudot 12]



Persistence-based clustering
Combine a mode seeking approach with (0-dim) persistence computation.

Input:
1. A finite set X of observations (point cloud with coordinates or pairwise distance
matrix),
2. A real valued function f defined on the observations (e.g. density estimate).

Goal: Partition the data according to the basins of attraction of the peaks of f

[C.,Guibas,Oudot,Skraba - J. ACM 2013]



Persistence-based clustering
Combine a mode seeking approach with (0-dim) persistence computation.

[C.,Guibas,Oudot,Skraba - J. ACM 2013]

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks
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Persistence-based clustering
Combine a mode seeking approach with (0-dim) persistence computation.

[C.,Guibas,Oudot,Skraba - J. ACM 2013]

1. Build a neighborhing graph G on top of X.

2. Compute the (0-dim) persistence of f to identify prominent peaks
3. Chose a threshold τ > 0 and use the persistence algorithm to merge components
with prominence less than τ .

τ
τ = 0



Persistent homology

persistence
X

R
X topological space

f : X → R

Filtrations

∞

⊆ ⊆ Persistence diagram



Filtrations of simplicial complexes

A filtration of a (finite) simplicial complex K is a sequence of subcomplexes
such that
i) ∅ = K0 ⊂ K1 ⊂ · · · ⊂ Km = K,
ii) Ki+1 = Ki ∪ σi+1 where σi+1 is a simplex of K.



Example: filtration associated to a function

• f a real valued function defined on the vertices of K

• For σ = [v0, · · · , vk] ∈ K, f(σ) = maxi=0,··· ,k f(vi)

• The simplices of K are ordered according increasing f values (and di-
mension in case of equal values on different simplices).

⇒ The sublevel sets filtration.
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Example: The Cěch complex

• Let U = (Ui)i∈I be a covering of a topological space X by open sets:
X = ∪i∈IUi.

• The Cěch complex C(U) associated to the covering U is the simplicial
complex defined by:
- the vertex set of C(U) is the set of the open sets Ui
- [Ui0 , · · · , Uik ] is a k-simplex in C(U) iff ∩kj=0Uij 6= ∅.



Example: The Cěch complex

Nerve theorem: If all the intersections between opens in U are either empty
or contractible then C(U) and X = ∪i∈IUi are homotopy equivalent.

⇒ The combinatorics of the covering (a simplicial complex) carries the
topology of the space.



Example: The Cěch complex

Nerve theorem: If all the intersections between opens in U are either empty
or contractible then C(U) and X = ∪i∈IUi are homotopy equivalent.

Warning: even when the open sets are euclidean balls, the computation of
the Cěch complex is a very difficult task!

⇒ The combinatorics of the covering (a simplicial complex) carries the
topology of the space.



Rips and Čech filtrations

σ = [p0p1 · · · pk] ∈ Rα(L) iff ∀i, j ∈ {0, · · · k}, d(pi, pj) ≤ α

The Rips complex Rα(L): for p0, · · · pk ∈ L,

Rips vs Čech

• Easy to compute and fully determined by its 1-skeleton

• Rips-Čech interleaving: for any α > 0,

C α2 (L) ⊆ Rα(L) ⊆ Cα(L) ⊆ R2α(L) ⊆ · · ·

Let L = {p0, · · · pn} be a (finite) point cloud (in a metric space).



Persistent homology of filtered complexes

Let ∅ = K0 ⊂ K1 ⊂ · · · ⊂ Km = K be a filtration of a simplicial complex K s. t.
Ki+1 = Ki ∪ σi+1 where σi+1 is a simplex of K.

Algorithm to compute the Betti numbers β0, β1, · · · , βd of K:

β0 = β1 = · · · = βd = 0;
for i = 1 to m
k = dimσi − 1;
if σi is contained in a (k + 1)-cycle in Ki

then βk+1 = βk+1 + 1;
else βk = βk − 1;

end if;
end for;
output (β0, β1, · · · , βd);

Adapt the algorithm to keep track of an
homology basis and pairs positive sim-
plices (birth of a new homological class)
to negative simplices (death of an existing
homology class).

Notation: Hi
k = Hk(Ki)



Persistent homology for (point cloud) data

∞

0
0

X̂m Filt(X̂m)

Dgm(Filt(X̂m))

Build topol.
structure

Persistent
homology

• Build a geometric filtered simplicial complex on top of X̂m → multiscale topol.
structure.

• Compute the persistent homology of the complex → multiscale topol. signature.

• Compare the signatures of “close” data sets → robustness and stability results.

• Statistical properties of signatures



Persistent homology of filtered complexes

• An efficient way to encode the evolution of
the topology (homology) of families of nested
spaces (filtered complex, sublevel sets,...).

• Multiscale topological information.

• Barcodes/persistence diagrams can be effi-
ciently computed.

• Stability properties

Rips parameter
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Persistent homology of filtered complexes

• An efficient way to encode the evolution of
the topology (homology) of families of nested
spaces (filtered complex, sublevel sets,...).

• Multiscale topological information.

• Barcodes/persistence diagrams can be effi-
ciently computed.

• Stability properties

birth

death

∞

0
Multiplicity: 14

Persistence diagram

Add the diagonal

Persistence barcode

Rips parameter



Stability properties

“Stability theorem”: Close spaces/data sets have close persistence diagrams!

If X and Y are pre-compact metric spaces, then

d∞(Dgm(Rips(X)),Dgm(Rips(Y))) ≤ dGH(X,Y).

Bottleneck distance Gromov-Hausdorff distance

Rem: This result also holds for other families of filtrations (particular case of a more general
thm).

[C., de Silva, Oudot - Geom. Dedicata 2013].

dGH(X,Y) := inf
Z,γ1,γ2

dH(γ1(X), γ2(Y))

Z metric space, γ1 : X→ Z and γ2 : Y→ Z
isometric embeddings.



Application: non rigid shape classification

camel
cat
elephant
face
head
horse

∞

0
0

1
∞

0
0

1
∞

0
0

1
∞

0
0

1

MDS using bottleneck distance.

[C., Cohen-Steiner, Guibas, Mémoli, Oudot - SGP ’09]

• Non rigid shapes in a same class are almost isometric, but computing Gromov-
Hausdorff distance between shapes is extremely expensive.

• Compare diagrams of sampled shapes instead of shapes themselves.



The problem of representation of persistence

Representations of
persistence

Machine
Learning / AIPersistence diagrams are not well-suited for clas-

sical ML algorithms (the space of PD is highly
non linear)

Not always clear which part of the diagrams car-
ries the relevant information.

An active research area, but still at a very early
stage (in particular regarding math. aspects).



• discrete measures: (interesting statistical properties)

• polynomial roots or evaluations [Di Fabio Ferri 2015] [Kalǐsnik 2016]

• Collections of 1D functions

• finite metric spaces [Carrière Oudot Ovsjanikov 2015]

→ sliced on lines [Carrière Oudot Cuturi 2017]

→ convolution with Gaussian kernel [Reininghaus et al. 2015] [Chepushtanova et
al. 2015] [Kusano Fukumisu Hiraoka 2016-17] [Le Yamada 2018]

A zoo of representations of persistence

(non exhaustive list)

→ persistence images [Adams et al 2017]

→ landscapes [Bubenik 2012]

→ Betti curves [Umeda 2017]

→ quantization [C. Ike Royer Umeda 2019]

• Neural networks [Carrière, C. Ike, Lacombe, Royer, Umeda 2019]



6 - Topological Data Analysis
and Statistics



Statistics, Learning and TDA

A statistical approach to TDA means that :

• we consider data as generated from an unknown distribution

• the inferred topological features by TDA methods are seen as estimators
of topological quantities describing an underlying object.



Statistics, Learning and TDA

Contributions about statistical TDA (non-exhaustive list):

• Consistency / convergence of TDA methods: [Chazal15 JMLR], [Bobrowski

17 Bernouilli]

• Confidence regions for TDA [Fasy 14 AoS] [Chazal 15 JOCG ]

• Central tendency for persistent homology [Turner 14 DCG] [Fasy15 Nips]

• Asymptotic normality of persistent Betti numbers [Krebs 2019]

• Robust methods for TDA [Chazal 17, EJS Chazal 17 JMLR]

• Bayesian Statistics for TDA [Maroulas et al. 2019]

• Representations of persistence in Euclidean spaces [Bubenik15 JMLR]

[Adams15]

• Develop kernels for topological descriptors [Reininghaus 15 IEEE] [Carriere

17 ICML ]

• Statistical analysis of Mapper [Carriere 18, Brown 19]

• ...



∞

0
0

X̂n Filt(X̂n)

Dgm(Filt(X̂n))
n points sampled in X
according to µ

Filt(X)

∞

0
0

Dgm(Filt(X))

X

Convergence
???

Estimator of Dgm(Filt(K))

(M, ρ) metric space
X compact set in M. well-defined for any

compact metric space
[Chazal et al., 2012]

Persistent homology Inference on metric spaces
[Chazal et al. 2015]



Persistent Homology Inference for upper level sets

Point cloud : X1, . . . Xn ∼ f i.i.d. in Rp.

[Fasy et al. 2014] and [Bobrowski et al. 2017] : estimation of the persis-
tence diagram for the upper level sets of densities using kernel estimators.



Confidence sets for persistence diagrams

• Confidence sets [Fasy et al. 2014] :

– For a compact manifold

– For the upper level sets of a density function

• Various bootstrap and subsampling strategies.
Bottleneck bootstrap : Chazal etal. 2017.



Central tendency for persistent homology ?

• Frechet mean [Turner etal. 2014] : difficult to compute and no
unicity.

• Use an alternative descriptor of persistence using :

– functions

– discrete measures.



Functional Representations of Persistence Homology

A functional summary of a persistence diagram is a map between the space
of diagrams and a functional space F .

Persistent silhouette Persistent surface
[Chazal & al, 2013] [Adams & al, 2016]

Berry etal. 2020

d+b
2

d−b
2

persistence landscape
[Bubenik 2015]



Persistence landscapes [Bubnik JMLR 2015]

b

d
d+b

2

d+b
2

d−b
2

Dgm =
{

( di+bi
2

, di+bi
2

), i ∈ I
} For p = ( b+d

2
, d−b

2
) ∈ Dgm,

Λp(t) =


t− b t ∈ [b, b+d

2
]

d− t t ∈ ( b+d
2
, d]

0 otherwise.
Persistence landscape λ of Dgm:

λ(k, t) = kmax
p∈D

Λp(t), t ∈ R, k ∈ N,

where kmax is k-th largest value in the set.

Stability: For any t ∈ R and any k ∈ N, |λ(k, t)− λ′(k, t)| ≤ d∞(Dgm,Dgm′).

Xn Dgm(Filt(Xn)) persistence landscape

d−b
2



Asymptotic normality for fonctional representations of
persistence

[Chazal etal. 2014, Berry etal. 2020]



Hypothesis tests for Persistence Homology

• Asymptotic normality and bootstrap allows us to propose hypothesis
tests (one sample, two sample tests ...)

• Permutation tests

[Pretorius et al. (2009)
and Berry et al. (2020)]



Subsampling methods for pers. homology [Chazal etal. ICML15]

• Let X = {X1, · · · , Xm} sampled from µ.

• λX : corresponding persistence landscape.

• Ψm
µ : the measure induced by µ⊗m on the space of persistence landscapes.

• We consider the point-wise expectations of the (random) persistence land-
scape under this measure:

EΨmµ [λX(t)], t ∈ [0, T ]

• For Sm1 , . . . , S
m
` some independent samples of size m from µ⊗m, the em-

pirical counterpart of EΨmµ [λX(t)] is

λm` (t) =
1

`

∑̀
i=1

λSmi (t), for all t ∈ [0, T ],



Subsampling methods for pers. homology [Chazal etal. ICML15]

Theorem: Let X ∼ µ⊗m and Y ∼ ν⊗m, where µ and ν are two probability
measures on M. For any p ≥ 1 we have∥∥∥EΨmµ [λX ]− EΨmν [λY ]

∥∥∥
∞
≤ 2m

1
pWρ,p(µ, ν).

Definition: The p-th Wasserstein distance between two measures µ, ν de-
fined on (M, ρ) is

Wρ,p(µ, ν) =

(
inf
Π

∫
M×M

[ρ(x, y)]pdΠ(x, y)

) 1
p

,

where the infimum is taken over all measures on M ×M with marginals µ
and ν.

Stability of the average landscape:



Asymptotic normality for persistent Betti numbers

• Pointwise asymptotic normality of persistent Betti numbers for stationary
Poisson processes and binomial processes with constant intensity func-
tion: Yogeshwaran et al. (2017) and Hiraoka et al. (2018).

• Krebs and Polonik (2019): stabilizing property of persistent Betti num-
bers and generalization on the asymptotic normality to the multivariate
case and to a broader class of underlying Poisson and binomial processes.



7 - Topological Data Analysis
and Machine Learning

1- Kernel Methods



Kernels as pairwise comparisons

• Kernels are usually introduced for studying complex objects on a space
X which is not necessary endowed with a metric.

• For many settings, we know how to construct a comparison function
K on X 2 (e.g. images, words, texts, trees, graphs ...)

• Examples:

– K(x, x′) = exp(−cd(x, x′)) where c > 0 and d is a pseudo
distance on X . When d is the norm on Rp, K is the Gaussian
kernel.

– Kernels on string data with n-grams and suffix trees : compare
the strings by means of the substrings they contain.

– An example of kernel between graphs is the random walk kernel:
performs random walks on two graphs simultaneously and counts
the number of paths that were produced by both walks.

– Motif kernels on genetic sequences.



Definition A function K : X ×X → R is said to be a positive definite (p.d.)
kernel if

• K is symmetric,

• for any N ∈ N, x1, . . . , xN ∈ XN , the similarity matrix [K(xi, xj)] is
definite positive: for any a = (a1, . . . , aN )′ ∈ RN , we have

a′[K(xi, xj)]a =
∑
i,j

aiajK(xi, xj) ≥ 0.

Kernels



F is call a reproducing kernel Hilbert space (RKHS). In short:

• ∀x ∈ X , Kx := K(·, x) ∈ F x→ Kx is a possible mapping

• ∀f ∈ F , 〈f,K(·, x)〉F = f(x) Reproducing property

Theorem [Aronszajn, 1950] K is a p.d. kernel on X if and only if there
exists an Hilbert space (F , 〈·, ·〉F ) and a mapping Φ : X → F such that

K(x, x′) = 〈Φ(x),Φ(x′)〉F .

Feature map and kernels



Motivations for Kernel Methods on RKHS

• Kernel trick: Any algorithm defined on finite-dimensional vectors that
can be expressed only in terms of pairwise inner products can be applied
to (potentially) infinite-dimensional vectors in the feature space of a p.d.
kernel by replacing each inner product evaluation by a kernel evaluation.

• Representer Theorems: Statistical learning problems can often be
written as an optimization problem of the form

min
f∈F

c(f(x1), . . . , f(xn)) + λ‖f‖F (1)

where c measures the fit of f to a given problem and Ω is strictly in-
creasing. The so-called Representer Theorems show that any solution
of (1) on the RKHS associated to K admits a representation of the form:

f(x) =
n∑
i=1

αiK(x, xi).



Kernels for persistence diagrams

Two main approaches:

• define explicit feature map Φ : X → H (vectorization)

X

H

Φ

k(·, ·) := 〈Φ(·),Φ(·)〉H



Kernels for persistence diagrams

Thm:

If d : X ×X → R+ symmetric is conditionally negative semidefinite, i.e.:

∀n ∈ N, ∀x1, . . . , xn ∈ X,
n∑
i=1

αi = 0 =⇒
n∑
i=1

n∑
j=1

αiαj d(xi, xj) ≤ 0,

then k(x, y) = exp
(
− d(x,y)

2σ2

)
is positive definite for all σ > 0.

Two main approaches:

• define explicit feature map Φ : X → H (vectorization)

• define kernel from metric via radial basis function



Persistence weighted Gaussian kernel (PWGK)

• Ω : the subspace of R2 on or above the diagonal.

• ω a strictly positive function on Ω. Ex: ω(b, d) = arctan(C|d− b|p)
• Gaussian kernel: kg(x, y) = exp(‖x− y‖2/2r2).

• Weighted Gaussian kernel kωg (x, y) = ω(x)ω(y)kg(x, y) is pos. def.

• The following map is a valid feature map to the RKHS Hkg,ω associated to
kωg :

Ψ : Dgm ∈ P 7→
∑
r∈Dgm

ω(r)ω(·)kg(·, r) ∈ Hkg,ω

• The inner product Kkωg
induced by this feature map satisfies

Kkωg
(Dgm,Dgm′) = 〈Ψ(Dgm),Ψ(Dgm′)〉Hkg,ω

=
∑

r∈Dgm,r′∈Dgm′

ω(r)ω(r′)kg(r, r
′)

• Stability results of the PWGK-induced distance w.r.t. the bottleneck distance
and the 1-Wasserstein distance on persistence diagrams can be shown.

Kusano et al.,
2016; 2017



Persistence diagrams as discrete measures

D D :=
∑
r∈D

δr

• The space of measures is much nicer that the space of PD.

• In the “standard” algebraic persistence theory, persistence diagrams naturally
appear as discrete measures in the plane (over rectangles).

• Many persistence representations can be defined via this measure approach

• Also interesting for defining kernels for PD.

Motivations:



Representation of Persistence diagrams

A representation is called linear if there exists φ : R2
> → H such that

Φ(Dgm) =
∑
r∈Dgm

φ(r) =

∫
φ(r) dD(r)

Persistent silhouette Persistent surface
[Chazal & al, 2013] [Adams & al, 2016]

Distrib. of life span, total
persistence,...

( ∼ explicit definition of the feature map)



Space of persistence diagrams
Persistence diagram ≡ finite multiset in the open half-plane

∆(2)

(1) (1)



Space of persistence diagrams
Persistence diagram ≡ finite multiset in the open half-plane

cost of a matched pair (x, y) ∈M : cp(x, y) := ‖x− y‖p∞

cost of an unmatched point z ∈ X t Y : cp(z) := ‖z − z̄‖p∞

cost of M :

cp(M) :=

 ∑
(x, y) matched

cp(x, y) +
∑

z unmatched

cp(z)

1/p

Given a partial matching M : X ↔ Y :

x
yz

z̄

∆(2)



Space of persistence diagrams
Persistence diagram ≡ finite multiset in the open half-plane

cost of a matched pair (x, y) ∈M : cp(x, y) := ‖x− y‖p∞

cost of an unmatched point z ∈ X t Y : cp(z) := ‖z − z̄‖p∞

cost of M :

cp(M) :=

 ∑
(x, y) matched

cp(x, y) +
∑

z unmatched

cp(z)

1/p

Def: p-th diagram distance (extended metric):

dp(X,Y ) := inf
M :X↔Y

cp(M)

Given a partial matching M : X ↔ Y :

x
yz

z̄

∆(2)

Def: bottleneck distance:

d∞(X,Y ) := lim
p→∞

dp(X,Y )



Space of persistence diagrams
Persistence diagram ≡ finite multiset in the open half-plane

cost of a matched pair (x, y) ∈M : cp(x, y) := ‖x− y‖p∞

cost of an unmatched point z ∈ X t Y : cp(z) := ‖z − z̄‖p∞

cost of M :

cp(M) :=

 ∑
(x, y) matched

cp(x, y) +
∑

z unmatched

cp(z)

1/p

Def: p-th diagram distance (extended metric):

dp(X,Y ) := inf
M :X↔Y

cp(M)

Given a partial matching M : X ↔ Y :

x
yz

z̄

∆(2)

Def: bottleneck distance:

d∞(X,Y ) := lim
p→∞

dp(X,Y )

dp is NOT cnsd

⇒ previous theorem is not applicable



observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

this is because the two discrete measures have different masses. One could renormalize them and take the empirical measures, but then the optimal transport plan between them would be mass-splitting and therefore not equal to the metric between the diagrams

Persistence diagrams as discrete measures
δx

x

birth birth

de
at

h

de
at

h

∆

µDgm :=
∑
x∈Dgm δx

Pb: dp(Dgm,Dgm′) 6∝ Wp(µDgm, µDgm′)

∆



this is a quasi-isometric embedding

observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

this is because the two discrete measures have different masses. One could renormalize them and take the empirical measures, but then the optimal transport plan between them would be mass-splitting and therefore not equal to the metric between the diagrams

Persistence diagrams as discrete measures
δx

x

birth birth

de
at

h

de
at

h

∆

µDgm :=
∑
x∈Dgm δx

→ given Dgm,Dgm′, let
µ̄Dgm :=

∑
x∈Dgm

δx+
∑

y∈Dgm′

δπ∆(y)

µ̄Dgm′ :=
∑

y∈Dgm′

δy+
∑
x∈Dgm

δπ∆(x)

Then, dp(Dgm,Dgm′) ≤Wp(µ̄Dgm, µ̄Dgm′) ≤ 2 dp(Dgm,Dgm′)

Pb: dp(Dgm,Dgm′) 6∝ Wp(µDgm, µDgm′)

π∆(x)

∆



this is a quasi-isometric embedding

observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

this is because the two discrete measures have different masses. One could renormalize them and take the empirical measures, but then the optimal transport plan between them would be mass-splitting and therefore not equal to the metric between the diagrams

This is bad in practice because, basically, you need to make µD depend on all other diagrams at once, including the ones from the testing set (which you don’t know in advance) But this contradiction is only apparent, since, as we will see, it can be resolved using signed measures.

Persistence diagrams as discrete measures
δx

x

birth birth

de
at

h

de
at

h

∆

µDgm :=
∑
x∈Dgm δx

→ given Dgm,Dgm′, let
µ̄Dgm :=

∑
x∈Dgm

δx+
∑

y∈Dgm′

δπ∆(y)

µ̄Dgm′ :=
∑

y∈Dgm′

δy+
∑
x∈Dgm

δπ∆(x)

Then, dp(Dgm,Dgm′) ≤Wp(µ̄Dgm, µ̄Dgm′) ≤ 2 dp(Dgm,Dgm′)

Pb: dp(Dgm,Dgm′) 6∝ Wp(µDgm, µDgm′)

Pb: µ̄Dgm depends on Dgm′

π∆(x)

∆



observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

this is because the two discrete measures have different masses. One could renormalize them and take the empirical measures, but then the optimal transport plan between them would be mass-splitting and therefore not equal to the metric between the diagrams

this is the space of measures with total mass zero over R2 note: we redefine µ̃D here

Persistence diagrams as discrete measures
δx

x

birth birth

de
at

h

de
at

h

∆

µDgm :=
∑
x∈Dgm δx

Pb: dp(Dgm,Dgm′) 6∝ Wp(µDgm, µDgm′)

∆

Solution: transfer mass negatively to µD:

µ̃Dgm :=
∑
x∈Dgm

δx −
∑
x∈Dgm

δπ∆(x) ∈M0(R2)

π∆(x)

→ signed discrete measure of total mass zero



unique in the sense that for any other such decomposition P ′, N ′, one has µ(P∆P ′) = 0 = µ(N∆N ′)

P is a positive set for µ

N is a negative set for µ

observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

µ+ = positive part of µ, and µ− = negative part of µ

Persistence diagrams as discrete measures

Hahn decomp. thm: For any µ ∈ M0(X,Σ) there
exist measurable sets P,N such that:

(i) P ∪N = X and P ∩N = ∅
(ii) µ(B) ≥ 0 for every measureable set B ⊆ P
(iii) µ(B) ≤ 0 for every measureable set B ⊆ N

Moreover, the decomposition is essentially unique.

∆P

N

∀B ∈ Σ, let µ+(B) := µ(B ∩ P ) and µ−(B) := −µ(B ∩N) ∈M+(X)

Prop: ∀µ, ν ∈M0(X), W1(µ+ + ν−, ν+ + µ−) = ‖µ− ν‖K

‖µ‖K := W1(µ+, µ−)Def: metric: Kantorovich norm ‖ · ‖K



unique in the sense that for any other such decomposition P ′, N ′, one has µ(P∆P ′) = 0 = µ(N∆N ′)

P is a positive set for µ

N is a negative set for µ

observation: taking densities might be the reason for the lack of discriminativity, since this requires to make some compromises. instead, now we deal with the discrete measures directly. The question is to be able to embed the metric space of diagrams into some metric space of measures, so that tools for these measures can then be used to define kernels for the diagrams. This may help us preserve the metric better.

now we can identify the space of PDs to a space of measures, and so we can adopt solutions from Optimal Transport theory

µ+ = positive part of µ, and µ− = negative part of µ

Persistence diagrams as discrete measures

Hahn decomp. thm: For any µ ∈ M0(X,Σ) there
exist measurable sets P,N such that:

(i) P ∪N = X and P ∩N = ∅
(ii) µ(B) ≥ 0 for every measureable set B ⊆ P
(iii) µ(B) ≤ 0 for every measureable set B ⊆ N

Moreover, the decomposition is essentially unique.

∆P

N

∀B ∈ Σ, let µ+(B) := µ(B ∩ P ) and µ−(B) := −µ(B ∩N) ∈M+(X)

Prop: ∀µ, ν ∈M0(X), W1(µ+ + ν−, ν+ + µ−) = ‖µ− ν‖K
µ̄Dgm µ̄Dgm′

µ̃Dgm µ̃Dgm′
for persistence diagrams:

W1(µ̄Dgm, µ̄Dgm′) = ‖µ̃Dgm − µ̃Dgm′‖K

‖µ‖K := W1(µ+, µ−)Def: metric: Kantorovich norm ‖ · ‖K



this is the path taken by [Aguey, Carlier] and [Ohta] for measures, by [Reiningshaus et al.] for PDs

it is indeed easy to generate counterexamples by randomly sampling the space of persistence diagrams.

A Wasserstein Gaussian kernel for PDs?

Pb: W1 is not cnsd, neither is d1

Solutions:

• relax the measures (e.g. convolution)

• relax the metric (e.g. regularization, slicing)

Thm:
If d : X ×X → R+ symmetric is conditionally negative semidefinite, i.e.:

∀n ∈ N, ∀x1, . . . , xn ∈ X,
n∑
i=1

αi = 0 =⇒
n∑
i=1

n∑
j=1

αiαj d(xi, xj) ≤ 0,

then k(x, y) := exp
(
− d(x,y)

2σ2

)
is positive semidefinite.



Sliced Wasserstein metric

one can then see P and Q as n-dimensional vectors

Special case: X = R, µ, ν discrete measures of mass n

µ :=
∑n
i=1 δxi , ν :=

∑n
i=1 δyi

Sort the atoms of µ, ν along the real line: xi ≤ xi+1 and yi ≤ yi+1 for all i

Then: W1(µ, ν) =
∑n
i=1 |xi − yi| = ‖(x1, · · · , xn)− (y1, · · · , yn)‖1

µ

ν

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



Sliced Wasserstein metric

one can then see P and Q as n-dimensional vectors

Special case: X = R, µ, ν discrete measures of mass n

µ :=
∑n
i=1 δxi , ν :=

∑n
i=1 δyi

Sort the atoms of µ, ν along the real line: xi ≤ xi+1 and yi ≤ yi+1 for all i

Then: W1(µ, ν) =
∑n
i=1 |xi − yi| = ‖(x1, · · · , xn)− (y1, · · · , yn)‖1

µ

ν

→ W1 is cnsd and easy to compute (same with ‖ · ‖K for signed measures)

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



Note : une idee naturelle serait d’integrer sur toutes les droites du plan, soit RP 1 × R, mais en fait : - la distance entre les mesures projetees orthogonalement sur la droite est invariante par translation de la droite, donc il suffit d’integrer sur RP 1 ; - pour simplifier on integre sur S1, ce qui ne fait que doubler la valeur de la distance.

This is very much like a (inverse) Radon transform

Def: (sliced Wasserstein distance) for µ, ν ∈M+(R2),

SW1(µ, ν) :=
1

2π

∫
θ∈S1

W1(πθ#µ, πθ#ν) dθ

where πθ = orthogonal projection onto line passing through origin with angle θ.

Sliced Wasserstein metric

θ

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



Note : une idee naturelle serait d’integrer sur toutes les droites du plan, soit RP 1 × R, mais en fait : - la distance entre les mesures projetees orthogonalement sur la droite est invariante par translation de la droite, donc il suffit d’integrer sur RP 1 ; - pour simplifier on integre sur S1, ce qui ne fait que doubler la valeur de la distance.

Def: (sliced Wasserstein distance) for µ, ν ∈M+(R2),

SW1(µ, ν) :=
1

2π

∫
θ∈S1

W1(πθ#µ, πθ#ν) dθ

where πθ = orthogonal projection onto line passing through origin with angle θ.

Sliced Wasserstein metric

Props: (inherited from W1 over R)

- satisfies the axioms of a metric

- conditionally negative semidefinite

- well-defined barycenters, fast to compute via stochastic gradient descent, etc.

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



Sliced Wasserstein kernel

Def: Given σ > 0, for any µ, ν ∈M+(R2):

kSW (µ, ν) := exp

(
−SW1(µ, ν)

2σ2

)

Cor:
kSW is positive semidefinite.

(from SW cnsd)

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



this is the same as SW1(µD + π∆#µD′ , µD′ + π∆#µD)

Sliced Wasserstein kernel

Def: Given σ > 0, for any µ, ν ∈M+(R2):

kSW (µ, ν) := exp

(
−SW1(µ, ν)

2σ2

)

Cor:
kSW is positive semidefinite.

(from SW cnsd)

→ application to persistence diagrams:

Dgm 7→ µDgm :=
∑
x∈Dgm δx

δx

x

birth

de
at

h

∆

π∆(x)

7→ µ̃Dgm := µDgm − π∆#µDgm

kSW (Dgm,Dgm′) := exp

(
−SW1(Dgm,Dgm′)

2σ2

)
SW1(Dgm,Dgm′) :=

∫
θ∈S1

‖πθ#µ̃Dgm − πθ#µ̃Dgm′‖K dθ

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



(vector norm + discrete set of directions, either full arrangement or fixed subset for approximation)

this is the same as SW1(µD + π∆#µD′ , µD′ + π∆#µD)

Sliced Wasserstein kernel

Def: Given σ > 0, for any µ, ν ∈M+(R2):

kSW (µ, ν) := exp

(
−SW1(µ, ν)

2σ2

)

Cor:
kSW is positive semidefinite.

(from SW cnsd)

→ application to persistence diagrams:

Dgm 7→ µDgm :=
∑
x∈Dgm δx

δx

x

birth

de
at

h

∆

π∆(x)

7→ µ̃Dgm := µDgm − π∆#µDgm

kSW (Dgm,Dgm′) := exp

(
−SW1(Dgm,Dgm′)

2σ2

)
SW1(Dgm,Dgm′) :=

∫
θ∈S1

‖πθ#µ̃Dgm − πθ#µ̃Dgm′‖K dθ
- positive semidefinite

- simple and fast to compute

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



this is the same as SW1(µD + π∆#µD′ , µD′ + π∆#µD)

Sliced Wasserstein kernel

→ application to persistence diagrams:

Dgm 7→ µDgm :=
∑
x∈Dgm δx

δx

x

birth

de
at

h

∆

π∆(x)

7→ µ̃Dgm := µDgm − π∆#µDgm

kSW (Dgm,Dgm′) := exp

(
−SW1(Dgm,Dgm′)

2σ2

)
SW1(Dgm,Dgm′) :=

∫
θ∈S1

‖πθ#µ̃Dgm − πθ#µ̃Dgm′‖K dθ

Thm:
The metrics d1 and SW1 on the space DN of persistence diagrams of size
bounded by N are strongly equivalent, namely: for Dgm,Dgm′ ∈ DN ,

1

2 + 4N(2N − 1)
d1(Dgm,Dgm′) ≤ SW1(Dgm,Dgm′) ≤ 2

√
2 d1(Dgm,Dgm′)

[Sliced Wasserstein Kernel for
persistence diagrams, Carrière,
Cuturi, Oudot, ICML, 2017]



7 - Topological Data Analysis
and Machine Learning

2- Perslay



Rd0

Rd1

Rdn

Rdn+1

In
p

u
t

O
u

tp
u

tf
(0)
θ0

f
(1)
θ1

f
(n−1)
θn−1

f
(n)
θn

f
(k)
θk

: x ∈ Rdk 7→ σ(Wk · x+ bk) ∈ Rdk+1

θk = (Wk ∈ Rdk+1×dk , bk ∈ Rdk+1), σ : x 7→ max(0, x) or (1 + e−x)−1

· · ·

Final classifier/regressor: Fθ = f
(n)
θn
◦ · · · ◦ f (0)

θ0

NN with depth n ∈ N∗

Reminder: Neural Net



Tailored to handle sets instead of finite dimensional vectors

Input: {x1, ..., xn} ⊂ Rd instead of x ∈ Rd

⇒ Network must be permutation invariant.

Originally defined in [Zaheer et al. 2017]

⇒ F ({x1, ..., xn}) = F ({xσ(1), ..., xσ(n)}), ∀σ

Deep Set Architecture



Tailored to handle sets instead of finite dimensional vectors

Input: {x1, ..., xn} ⊂ Rd instead of x ∈ Rd

⇒ Network must be permutation invariant.

Originally defined in [Zaheer et al. 2017]

Universality theorem

Th: [Zaheer et al. 2017]

A function f is permutation invariant iif f(X) = ρ (
∑
i φ(xi))

for some ρ and φ, whenever X is included in a countable space

Deep Set Architecture

In practice: φ(xi) = W · xi + b



Permutation invariant layers generalize several TDA approaches

→ persistence images → silhouettes

Using any permutation invariant operation (such as max, min, kth largest
value) allows to generalize to other persistence representations.

→ Betti curves

Weight function

Point transformation
φ : R2 → Rk

PersLay(dgm) = ρ (op{w(p) · φ(p)}p∈dgm)

Permutation-invariant
operation

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



Λp1

Λp2

Λp3

p1

p2

p3

p4

φΛ : p 7→


Λp(t1)
Λp(t2)

...
Λp(tq)


Parameters t1, · · · , tq ∈ R

w(p) = 1 op = top-k

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



Γp1

Γp2

Γp3

Γp4

φΓ : p 7→


Γp(t1)
Γp(t2)

...
Γp(tq)


Parameters t1, · · · , tq ∈ R2

w(p) = wt((x, y)) op = sum

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



[φL(p1)]1

[φL(p1)]2 [φL(p3)]2 [φL(p2)]2

[φL(p2)]1

[φL(p3)]1

∆1

∆2

p1

p2

p3

p4

φL : p 7→


〈p, e∆1〉+ b∆1

〈p, e∆2〉+ b∆2

...
〈p, e∆q

〉+ b∆q


Parameters ∆1, · · · ,∆q ∈

[
−π2 ,

π
2

]
b∆1 , · · · , b∆q ∈ R

op = top-k

w(p) = 1

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



features

w(·)φ(·) op

op

op
ρ

w(·)φ(·)

w(·)φ(·)

opw(·)φ(·)

data

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]

Average scores from 10 times 10-folds
cross-validation

Application to graph classification, using persistence of heat kernel signatures
on graphs.



Goal: classify orbits of linked twisted map

Orbits described by (depending on parameter r):{
xn+1 = xn + r yn(1− yn) mod 1

yn+1 = yn + r xn+1(1− xn+1) mod 1

Label = 2

Label = 1 Label = 5

Label = 4
Label = 3

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



Goal: classify orbits of linked twisted map

Label = 2

Label = 1 Label = 5

Label = 4
Label = 3

PersLay: adaptation to persistence diagrams
[Carrière, C., Ike, Lacombe, Royer, Umeda 2019]



8 - Topological Data Analysis
and Machine Learning

3- Optimizing topological loss functions



TopoNet (Xiaoling Hu et al. 2019) is a deep segmentation method that
learns to segment with correct topology.

A topological loss enforces the segmentation results to have the same topol-
ogy (persistent homology) as the ground truth.
voi aussi dans les survey de frontiers

Topological Loss for Neural Networks



Topological Regulizer

Combine a topological penalty Ltopo with a standard loss function

L(f,Xn) =
∑
i=...n

`(f(xi), yi) + λLtopo(f)

where the first term could be cross-entropy loss, hinge loss and so on.

Example: Control the “topological complexity of the boundary classification
of a classifier (Chen etal. AISTATS 2019).

Computational Topology for Data Analysis, Tamal Krishna Dey and Yusu Wang, to be Published by Cambridge University Press, 2021

(a) Red curve is the classification boundary Sf . (b) shows the graph of the
classifier function f , with Sf marked in red. (c) Pushing the saddle q1 down to
remove this left component in Sf as shown in (d).



9 - Mapper



Topological exploratory data analysis

Goal: build simplicial complexes that have the same topology (homology
groups, homotopy equivalence, homeomorphism, isotopy) than the data sets.

Idea:

• Define ’covers’ from the data (for instance by grouping data points in
’local clusters’.

• Summarize the data through the combinatorial/topological structure of
intersection patterns of these ’covers’.



Topological exploratory data analysis

2. Covering data by balls:
→ distance functions frameworks, persistence-
based signatures,...
→ geometric inference, provide a framework to
establish various theoretical results in TDA.

Two directions:

1. Using a function (lens) defined on
the data:
→ the Mapper algorithm
→ exploratory data analysis

Q: How to build meaningful covers?

X

f

R

I



Unsupervised method for
high dimensional or complex data

• Mapper: exploratory data analysis (unsupervised method) for high di-
mensional or complex data.

• How does Mapper compare with other unsupervised learning methods ?

• Standard approches for exploratory data analysis combine clustering and
dimension reduction:

– Dimension reduction (for regularization) then clustering

– Clustering then dimension reduction (for visualization)

• Many approaches to clustering : hierarchical clustering, k-means clus-
tering, distribution-based clustering, density based clustering, spectral
clustering ...

• Many approaches to dimension reduction: PCA, Kernel PCA, Isomap,
t-SNE, UMAP etc.



Linear dimension reduction and clustering for exploratory
data analysis

Dimension reduction (regularization) then clustering
or

Clustering then dim reduction (visualization)

Matrix of pairwise
distances

(general metric space)
D = (d(xi, x− j))i,j

Point cloud in Euclidean space

PCA MDS



Non Linear dimension reduction

• (Classical) PCA and MDS become inefficient when the data is located
around highly non linear manifolds

• Many non linear alternative approaches

• Most of these methods are embedding methods: they intend to find an
embedding of the data in some low dimensional space such that the “ge-
ometry” of the embedding is “as similar” as possible as the one of the
initial data.

source : sckit-learn library



Neighborhood graphs

• Many non linear reduction methods use neighborhood graphs to approxi-
mate / represent the support of the data and then derive an embedding.

Xn

e.g. LLE, Laplacian eigenmaps, ISOMAP

Rd



A simple version of Mapper

Xn
• For Mapper we observe :

– A neighborhood graph (or metric graph) of Xn
– The value of a filter function f at the data

points: f : Xn 7→ R.

• Mapper does not use the graph for producing an em-
bedding but for directly representing the data.

• It is possible to derive a clustering of the data from
the graph but we also want to take into account f .

• Mapper : clustering of Xn based on a filter function
and on the neighborhood graph (connectivity of the
clusters)

f

R



A simple version of Mapper

Xn
f

R

I

Cover Im(f) by open overlapping
intervals: Imf ⊆

⋃
I∈I I



A simple version of Mapper

Xn
f

R

I

Compute the pre images and separate each of its
elements into its connected components.

V



A simple version of Mapper

Xn
f

R

I

Mapper

V

The Mapper is the nerve of V.



Applications of Mapper

Two types of applications:

• clustering : identify statistically relevant subpopulations through pat-
terns (flares, loops)
• feature selection based on the graph

[Topological Data Analysis of Single-
cell Hi-C Contact Maps, Carriere and
Rabadan 2018]



Applications of Mapper

3d shapes classification
[Singh, Mémoli, Carlsson 2007]



Applications of Mapper

breast cancer subtype identification
[Nicolau et al. 2011]



recovery from spinal cord injuries

Applications of Mapper

[Nielson et al. 2015]

Many other applications

• Implicit networks in the US house of representatives (Lum et
al. 2014)

• Protein folding pathways (Yao et al. 2009)

• Diagnostic of pulmonary embolism (Rucco et al. 2014)

• ...



Mapper in practice: filter choice

f̂
=

densit
y esti

mator

No general answer (unsupervised setting) but the
output of Mapper strongly depends on this choice.

fx = x-coordinate



Mapper in practice: filter choice
• Co variable filter: focus the analysis on one particular variable. First,

it finds a clustering according the value of the variable and then it refines
the clustering according to the graph.

• PCA eigenfunctions: mix PCA based clustering and graph based clus-
tering.

• Density estimator filter: mix density based clustering and graph based
clustering

first
PCA
eigen-
function

• eccentricity filter, ...



Mapper in practice: parameter choice

Parameters:

- function f : Xn → R

- cover I of im(f) by open intervals
range scale

→ uniform cover I:

- resolution / granularity: r (diameter of intervals)

- gain: g (percentage of overlap)
r

g = 30%

I

R

filter

- neighborhood size δ

geometric scale



Parameters choice ?

Nielson et al.: Topological Data Analysis for Discovery in Preclinical Spinal Cord
Injury and Traumatic Brain Injury, Nature, 2015

• Cross validation ?

• ”brute-force - stability” approach ?



g

1/r
10 20 30 40 50 60 70 80 90 100

10

20

30

40

50

15

25

35

45

f = fx, δ = 1%

Parameters choice: ”brute-force - stability” approach ?



[Carriere and Oudot 2016] : structure and stability of the Mapper in a deterministic
setting :

• the topological structure of the Mapper can be described by looking at
appropriate signatures : extended persistence homology

• rigorous connexion between the (underlying) Reeb graph and the Mapper

• convinient (pseudo) metrics to compare the Mapper and Reeb graph

• locally a metric [Carriere Oudot 2017]

See also [Babu 2013], [Dey and Wang 2013], [Munch and Wang 2016] for results
about the convergence of the Mapper.

This work [Carriere M. Oudot 2018] :

• rigorous statistical framework for the Mapper ;

• statistical convergence of the Mapper ;

• data driven methods for tuning parameters in Mapper ;

• confidence regions for Mapper signatures.

Analysis of the Mapper



Statistical framework for Mapper ?

• Limit object for the Mapper : [Singh, Mémoli, Carlsson 2007] : Map-
per is a statistical version of the Reeb graph

• We use topological signatures to compare Mapper with the Reeb
Graph.

• Regularity assumptions and sampling assumptions to get the conver-
gence.



Comparing Reeb graph with the
Mapper



Reeb Graph

X
f //

∼

��

R

Rf (X )

<<

R
fX

[Singh, Mémoli, Carlsson 2007] : Mapper is a statistical version of the Reeb graph

fR

fR

induced map

x ∼ y ⇐⇒ [ f(x) = f(y) and x, y belong to same cc of f−1({f(x)}) ]

Rf (X ) := X/ ∼ quotient space

Reeb Graph → Continuous Mapper → Empirical Mapper



Mapper in the continuous setting

X

f

Y = R

I



Mapper in the continuous setting

X

f

Y = R

I



Mapper in the continuous setting

X

f

Y = R

I



Mapper in the continuous setting

X

f

Y = R

I
Mapper

Mf (X , I)



Mapper in the continuous setting

Input:
- continuous function f : X → R
- cover I of im(f) by open intervals: imf ⊆

⋃
I∈I I

• Compute pullback cover U of X : U = {f−1(I)}I∈I

• Refine U by separating each of its elements into its various con-
nected components in X

• The Mapper is the nerve of V:

- 1 vertex per element V ∈ V

- 1 edge per intersection V ∩ V ′ 6= ∅, V, V ′ ∈ V

- 1 k-simplex per (k + 1)-fold intersection
⋂k
i=0 Vi 6= ∅, V0, · · · , Vk ∈ V

Method:

- Metric space (or topological space) X

→ connected cover V



Mapper in practice : our version of Mapper

Input:

• Compute pullback cover U of Xn: U = {f−1(I)}I∈I

• Refine U by separating each of its elements into its various con-
nected components in G

• The Mapper is the nerve of V:

- 1 vertex per element V ∈ V

- 1 edge per intersection V ∩ V ′ 6= ∅, V, V ′ ∈ V

- 1 k-simplex per (k + 1)-fold intersection
⋂k
i=0 Vi 6= ∅, V0, · · · , Vk ∈ V

Method:

- point cloud Xn ⊆ X

• Compute δ-neighborhood graph G for Xn

(intersections materialized
by data points)

- values of f at Xn : Yn := f(Xn)

- cover I of Yn by open intervals of length r with overlapping
proportion g : Yn ⊆

⋃
I∈I

→ connected cover V



Mapper in practice : our version of Mapper

X

f

R

I

V

Mapper

δ

Mn = Mr,g,δ(Xn,Yn)

Xn

Gδ(Xn) = δ-neighborhood graph of Xn

Yn := f(Xn)



R

fR

Reeb graph

Rf (X )
Mn = Mr,g,δ(Xn,Yn)

R

Compare Reeb Graph with the Mapper



R

fR

Reeb graph

Rf (X )
Mn = Mr,g,δ(Xn,Yn)

R

Compare Reeb Graph with the Mapper

fI fI(v) is the
midpoint of
the interval
corresponding
to vertex v

R



R

fR

Reeb graph

Rf (X )

Descriptors to compare Reeb graph and the Mapper: (extended) persistence

Mn = Mr,g,δ(Xn,Yn)

Compare Reeb Graph with the Mapper

fI fI(v) is the
midpoint of
the interval
corresponding
to vertex v

R



Sub level sets of a function

f

a

∞

Persistence diagram

• The family {X(−∞,α]}α∈R of sublevel sets of f defines a filtration
w.r.t. inclusion:

X(−∞,α] ⊆ X(−∞,β] for all α ≤ β ∈ R

• We can consider persistence homology for this filtration



• The family {X [α,+∞)}α∈R of superlevel sets of f is also nested but
in the opposite direction: X [α,+∞) ⊇ X [β,+∞) for all α ≤ β ∈ R.

• We can turn it into a filtration by reversing the real line :

– let Rop = {x̃ | x ∈ R}, ordered by x̃ ≤ ỹ ⇔ x ≥ y.

– Index the family of superlevel sets by Rop to get a filtration:

{X [α̃,+∞)}α̃∈Rop , with X [α̃,+∞) ⊆ X [β̃,+∞) for all α̃ ≤ β̃ ∈ Rop.

• Replace each superlevel set X [α̃,+∞) by the pair of spaces
(X,X [α̃,+∞)).

• Let RExt = R ∪ {+∞} ∪ Rop, where the order is completed by α <
+∞ < β̃ for all α ∈ R and β̃ ∈ Rop.

• Define the extended filtration of f over RExt by:

Fα = X(−∞,α] for α ∈ R

F+∞ = X ≡ (X, ∅)

Fα̃ = (X,X [α̃,+∞)) for α̃ ∈ Rop

Extended filtration of excursion sets



Extended persistence as a descriptor for Reeb graph

Ext+
0

Ord+
0

Rel−1

Ext−1

Given any graph G = (V,E) and a function attached to its nodes
f : V → R, the so-called extended persistence diagram is a multiset of
points in the Euclidean plane R2 that can be computed with extended
persistence theory. [Cohen-Steiner, Edelsbrunner, Harer 2008]

ordinary / relative

extended

fR
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Extended persistence as a descriptor for Reeb graph

Ext+
0

Ord+
0

Rel−1

Ext−1

ordinary / relative

extended

Rel: appears/dies in superlevels

Ext: appears in sublevels, dies in superlevels

• We do the same for Mapper: DgmMn is the extented persistence
diagram of the filtration of excursion sets of fI on Mn.

• We see DgmRf and DgmMn as (bag-of-features) descriptors for
Rf (X ) and Mn.

fR



Extended persistence as a descriptor for Reeb graph

Ext+
0

Ord+
0

Rel−1

Ext−1

ordinary / relative

extended

cost(Γ)

Partial matching Γ between two diagrams :

• match points of the same type (ordinary, relative, extended)
and of the same homological dimension only.

• points can always be matched with the diagonal



Extended persistence as a descriptor for Reeb graph

Ext+
0

Ord+
0

Rel−1

Ext−1

ordinary / relative

extended

The bottleneck distance between Dg and Dg′ is:

dB(Dg,Dg′) = inf
Γ

cost(Γ),

where Γ ranges over all partial matchings between Dg and Dg′.



Extended persistence as a descriptor for Reeb graph

Ext+
0

Ord+
0

Rel−1

Ext−1

ordinary / relative

extended

The bottleneck distance between Dg and Dg′ is:

dB(Dg,Dg′) = inf
Γ

cost(Γ),

where Γ ranges over all partial matchings between Dg and Dg′.

fR gR′



An approximation inequality for Mapper
Regularity of the filter function

(exact) modulus of continuity of f :7→ R

ωf (δ) := sup
‖x−x′‖≤δ

|f(x)− f(x′)|

Approximation inequality (exact filter):

Theorem : Assume that X is a compact submanifold of dimension d in RD
with positive reach rch and positive convexity radius ρ. Let f be a Morse
type function defined on X , and let Xn be a point cloud in X such that
4dH(X ,Xn) ≤ δ. Then, for δ such that

δ ≤ 1

4
min {rch, ρ} ,

max{|f(X)− f(X ′)| : X,X ′ ∈ Xn, ‖X −X ′‖ ≤ δ} < gr

the Mapper Mn := Mr,g,δ(Xn, f(Xn)) is such that:

dB (DgRf (X ),DgMn) ≤ r + 2ω(δ).



An approximation inequality for Mapper
Regularity of the filter function

(exact) modulus of continuity of f :7→ R

ωf (δ) := sup
‖x−x′‖≤δ

|f(x)− f(x′)|

Approximation inequality (exact filter):

Theorem : Assume that X is a compact submanifold of dimension d in RD with
positive reach rch and positive convexity radius ρ. Let f be a Morse type func-
tion defined on X , and let Xn be a point cloud in X such that 4dH(X ,Xn) ≤ δ.
Then, for δ small enough, the Mapper Mn := Mr,g,δ(Xn, f(Xn)) is such that:

dB (DgRf (X ),DgMn) ≤ r + 2ω(δ).

• dB is controlled by the Hausdorff approximation of X , the resolution
level in the codomain and the regularity of the filter.

• Linear projection (PCA) filters are one Lipschitz



An approximation inequality for Mapper: filter approximation

• Assume that the filter function f̂ used to compute the Mapper is only
an approximation of the filter function f with which the Reeb graph is
computed (PCA, density estimators ...)

• In this context : the pair (Xn, f̂) appears as an approximation of the
pair (X , f).

• Assume that

max{max{|f(X)− f(X ′)|, |f̂(X)− f̂(X ′)|} : X,X ′ ∈ Xn, ‖X −X ′‖ ≤ δ} < gr.

Then, the Mapper M̂n = Mr,g,δ(Xn, f̂(Xn)) built on Xn with filter function

f̂ and parameters r, g, δ chosen as before satisfies:

dB

(
DgRf (X ),DgM̂n

)
≤ 2r + 2ω(δ) + max

1≤i≤n
|f(Xi)− f̂(Xi)|.

proof: stability theorem for extended persistence diagrams [Cohen Steiner et al. 2009]



Statistics for Mapper



(X , µ)

f

Convergence of Mapper

fR



Xn(X , µ) n points sampled
i.i.d. according to µ
µ is (a, b)-standard

f

Convergence of Mapper

For any Euclidean ball B(x, t) :

P (B(x, t)) ≥ min(1, atd).

Yn = f(Yn) or = f̂(Yn)

fR



Xn(X , µ)

Questions:

• Statistical properties of the estimator Mf (Xn, δn, I(gn, rn)) ?

• Convergence to the ground truth Rf (X ) in d∞? Deviation bounds?

f

I(gn, rn)

Convergence of Mapper

δn

Yn = f(Yn) or = f̂(Yn)

fR



Theorem : Under the assumptions of the approximation inequality, take

Vn(δ) = max{|f(X)− f(X ′)| : X,X ′ ∈ Xn, ‖X −X ′‖ ≤ δ},

g ∈
(

0,
1

2

)
, δn = 8

(
2log(n)

an

)1/b

and rn =
Vn(δn)

g
.

Let ω be a modulus of continuity of f such that ω(x)/x is a decreasing function.
Let Mn the Mapper computed with parameters (rn, g, δn). Then :

E [dB (Rf (X ),Mn)] ≤ Cω(δn)

• Lipschitz filter functions : same rate of convergence as for persistence
diagram inference and support estimation for the Hausdorff metric.

• Filters with concave modulus of continuity: the “distortion” created by the
filter function slows down the convergence.

• Minimax rate of convergence:

sup
P∈Pa,b

E

[
sup

f∈F(P,ω)

dB (Rf (X ),Mn)

]
≤ C ω

(
2 · 8b

a

log(n)

n

)1/b

Convergence of Mapper: known generative model and known filter



• Framework:

– Exact values Yn = f(Xn) of the filter on the point could

– Unknown parameters a and b→ alternative definition for δn is needed.

• We adapt a subsampling approach from [Fasy et.al 2014] to tune δn:

– let β > 0 and let s(n) := n
log(n)1+β

– Let δn := dH(X̂
s(n)
n , X̂n) where X̂

s(n)
n is a random subset of X̂n of

size s(n)

– Take

g ∈
(

0,
1

2

)
and rn =

Vn(δn)

g
.

• Let Mn computed with parameters (rn, g, δn), then

E [dB (Rf (X ),Mn)] ≤ Cω
(

log(n)2+β

n

)1/b

Convergence of Mapper: unknown generative model, known filter



• Mapper can be computed with any filter function, including estimated
filter functions such as PCA eigenfunctions, eccentricity functions,
Laplacian eigenfunctions, density estimators, alternative distance func-
tions ...

• Approximation for estimated filter:
the Mapper M̂n = Mr,g,δ(Xn, f̂(Xn)) built on Xn with filter function f̂
and parameters r, g, δ satisfies:

dB

(
DgRf (X ),DgM̂n

)
≤ 2r + 2ω(δ) + max

1≤i≤n
|f(Xi)− f̂(Xi)|.

Convergence of Mapper: unknown generative model, estimated filter



Application to PCA eigenfunction
- Π1 : proj. onto first principal direction of the covariance operator
- Π̂1 : proj. onto first principal direction of the emp. covariance operator

Let ω1 be a known upper bound on ω(f) (ok for Lip function)

V̂n(δn) = max{|f̂(X)− f̂(X ′)| : X,X ′ ∈ Xn, ‖X −X ′‖ ≤ δn}

rn =
max{ω1(δn), V̂n(δn)}

g
.

Using [Biau et. al. 2012] :

E
[
dB

(
DgRΠ1

(X ),DgMrn,g,δn(Xn, Π̂1(Xn))
)]

.
(

(log(n))2+β

n

)1/b

∨ 1√
n
.

Convergence of Mapper: unknown generative model, estimated filter



Confidence sets for extended persistence diagrams

• We can evaluate how accurate Mn is by providing confidence sets.

• For α ∈ (0, 1), we look for some value ηn,α such that

PdB(DgMn,DgRf (X )) ≥ ηn,α ≤ α

or at least such that

lim sup
n→∞

PdB(DgMn,DgRf (X )) ≥ ηn,α ≤ α.

• Mα = {R ∈ R : dB(DgMn,DgR) ≤ α}: closed ball of radius α in
the bottleneck distance and centered at the Mapper Mn in the space
of Reeb graphs

• We can visualize the signatures of the points belonging to this ball in
various ways [Fasy et al. 2014].



Confidence sets for extended persistence diagrams

PdB(DgMn,DgRf (X )) ≥ ηn,α ≤ α ?

• First option: center a box of side length 2α at each point of the
extended persistence diagram of Mn.

• Second option: visualize the confidence set by adding a band at (ver-
tical) distance 2α from the diagonal (the bottleneck distance being
defined for the `∞ norm).

[Fasy et al. 2014]



Experiments
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TDA of Single-cell Hi-C Contact Maps
(Carriere and Rabadan 18)

• Castaneus mouse embryonic stem cells

• Consider the loci of the genome that are spa-
tially close and interacting in the nucleus of
the cell.

• For each cell : compute a contact map,
which is a symmetric matrix, whose rows and
columns represent small loci, or bins, of the
genome.

• Stratum-adjusted correlation coefficient SCC
for comparing Hi-C matrices. Provide a 1171
x 1171 similarity matrix between cells.

• Biological factors correlated with the cell cycle
phases can be validated on the Mapper


